Freak Waves and Analytical
Theory of Wind-Driven Sea

V.E. Zakharov



There are two types of rare catastrophic events on
the ocean surface:

1. Freak waves (major catastrophic event)
2. Wave breaking (minor catastrophic event)

Freak waves are responsible for ship-wreaking, loss of boats, cargo and lives.
Wave breaking is the most important mechanism of wave energy dissipation
and for transport of momentum from wind to ocean.

Analytic theory for both of them is not developed
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Conformal Mapping

of the domain on the plane z = = + iv,

— 00 < @ < 00, —0oC <Y <

to the lower half-plane,
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Conformal Mapping

After this mapping, the surface profile is given
parametrically by

y=ylu,t), x==u+a(u.t).
Functions y and 7 are coupled by the relations:
y:ﬁ:i‘ i‘z—ﬁy.

Here H is the Hilbert transformation,
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For Fourier harmonics ;. = isign(k)x;..



Cubic Equations

It turned out, that the equations can be simplified just by
changing variables. Introduce instead of Z(w,t) and ®(w,t)
another analytic functions R(w,t) and V (w, t)

1

R = :
Z*wJ

(I)«w = —1 I Z w-

R, — i[UR —UR],
v, = fﬁ%”—ﬂﬁadﬂj+gg&—m.

Complex transport velocity U is defined via P

U=PVR+VR).
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Modulation instability

e Lighthill - 1965
o Zakharov - 1966

e Benjamin, Fair - 1967 B-F made experiment!
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Dynamical modelling of ocean waves — .1




100 waves ;1 = 0.095
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100 waves 11 = 0.09
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Figure 7: Zoom in surface profile
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Old Is always gold

Sir Francis Beaufort, FRS, FRO, FRGS,
1774, Ireland — 1857, Sussex

The Beaufort Scale Is an
empirical measure for
describing wind speed
based mainly on
observed sea conditions.
Its full name is the
Beaufort Wind Force
Scale.
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Truncated equations:
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Canonical transformation - eliminating three-wave
Interactions:

a, =D, +
+ [ A, S, 1 ok, + [ ADDD, 5y 40Ky, + [ A6, 0k,
+ J B(%)Zia‘blb b 50 —1-2—- 3dk123+ J B(E?Z’s‘b;b b 50+1—2—3dk123+

+ [ B bbby 1,5 50Ky + [ BEDADI036,.1. 5 0K, 55+ O(D*)

" 1 _
H = [ @b+ | T 0B DB S

T (K, &K, &K, &) = £°T (K, k., K, K,)




1 1

2
327" (4,0,0,0,
—2(w, + 0)2)2 w,0, (KK, —q,0,) + @,0,(K;K, —050,)
—2(w, - a)3)2 w,0, (KK, +0,0,) + oo, (KK, +0,0,)

T1234 -

v {~129,0,0,0,

—2(w, - 0)4)2 :a)za)3(k1k4 +0,0,) + 0,0, (KK, + CI2Q3):
+ (k;k, +0,0,)(k;K, +050,)
+ (_k1k3 T q1Q3)(_k2k4 T q2Q4)
+(—kk, +0,0,) (kK3 +0,0;)
(klkZ B Q1q2)(k3k4 B q3Q4)
G2 — (a)l T a)z)z
(kKs +0405) (KoK, +0,0,)
Oy 5 — (0 — ;)
> (kiK, + 6,0, )(Kok; + %%)}

0, 5 — (@, — a)4)2

+4(o, + a)2)2

where = K|
+ Mo, — w3)°

+ 4w, — w,)



Statistical theory of wind-driven seas

* The Hasselmann equation (1962) - kinetic
equation for water waves

dE/t Sin +Sdiss +Sn|
dIS

- empirical functions

- the first principle' term
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Interaction coefficients and resonance
conditions

4-wave resonance curves
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Is there a chance
for an analytical theory?

Homogenelity properties

SulaN(BK)|=a®B'*s [N (K)]

Exact stationary solutions

E-C 0 % P%a)—4 - direct cascade
P Zakharov & Filonenko 1966

B y y _1y - inverse cascade
E _Cpg SQ S /3

Zakharov & Zaslavskili 1982



Phillips, O.M., JFM. V.156,505-531, 1985.
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Fioure 3. A dimensionless plot of the frequency spectrum in the equilibrium range. The hroken
lines enclose the extensive measurements of Forristall (1981) and the continuous line represents
(3.4) with @ = 0.11. The open cireles indicate results from Kawai ef al. (1977) at u, = 37.2 em/s;
results from Kondo et al. (1973) are shown as solid circles at Uy = 49.6 e /s and the triangles at
Uy = 24,4 cm/s.




The nonlinearity gives a chance
for the analytical theory

LN The nonlinear
it e relaxation rate Is one
ot "/ 7 1 (ormore) orders
= B B higher than wind
b N7 [=w | wave pumping rate
Y4 EE - |- By,
Voo .

100 /o
[)

Thus, an asymptotic model can be developed
where effect of wave-wave resonant interactions
IS a dominating mechanism



Self-similar solutions
E(k) =ax”“d (bkx™)

Power-like dependencies for total energy E
and a characteristic frequency o

_ o yP
E =¢g,X

_ oy
W, = OyX

To check In simulations?



‘Magic links' for the SS-solutions

Linear links of exponents

- 90, -1. - 10q, -1
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Kolmogorov-like link of energy and its flux
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Easy to get Iin simulations
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Growing wind sea
Self-similarity in an explicit form

Zakharov-Zaslavskii
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“Scientific curves' of wave growth: wind speed scaling
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"Magic links' In sea experiments

2 Babanin et al., 1996

O US coast, N.Atlantic
Walsh et al 1989

A Bothnian Sea, unstable
Kahma & Calkoen 1992

0 Bothnian Sea, stable
Kahma & Calkoen 1992

‘ ) 10g —1‘ O Black Sea
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The most analytical' theory

"Magic links' of our power-law self-similar
solutions can be re-written in a form of
simple algebraic relationship

4 3

e <akp> - wave steepness

v=o.tl (2k X) - number of waves in periods
P P or wave lengths

oy = 0.7 — a universal constant



Invariant of wave growth

4 3

* Does not contain wind speed (?!);

* Does not contain parameters of self-
similar solutions (parameter of adiabaticity
If we assume the slowly varying wave
growth conditions);

* Does not refer to initial state. Waves forget
their history



How to treat the invariant?

 Lifetime is proportional to the instant
nonlinear relaxation rate v ~ g~ ~ ("

* In fact, we change a concept:
"Waves evolve on their own'
Instead of
"Wind rules waves'



Does the invariant work?

Collection of Paul A. Hwang of sea experiments
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Does the invariant work?

Our collection of simulations of duration-limited growth
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Somewhat eclectic presentation: wind-free invariant
(ordinate) vs wind speed scaled variables (absise)
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Our wind-free invariant implies
wind-free scaling of wave growth dependencies
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